We discuss the physical interpretation of a dynamical and inhomogeneous spherically symmetric solution obtained by Fonarev for a scalar field with an exponential potential. There is a single parameter w in the solution which can be set to ±1 if it is non-zero, in addition to the steepness parameter λ in the potential. The spacetime is conformally static and asymptotically flat FriedmannRobertson-Walker spacetime. The solution reduces to the Friedmann-Robertson-Walker solution for w = 0. There are two curvature singularities, of which one is a timelike central singularity and the other is a big-bang or big-crunch type singularity. Depending on the parameters, the spacetime can possess a future outer trapping horizon in the collapsing case. Then the solution represents a dynamical black hole in the sense of Hayward although there is a locally naked singularity at the center and no black-hole event horizon. This demonstrates a weak point of the local definition of a black hole in terms of a trapping horizon.
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Einstein equations are so complicated simultaneous nonlinear partial differential equations that it is hopeless to obtain general solutions. Thus, spacetime symmetries are often assumed to make the system more tractable. Although such spacetimes with high symmetries are idealized ones, they have occupied an important position in the history of gravitation research as touchstones to know the essential physics [1, 2] .
For example, the Friedmann-Robertson-Walker (FRW) cosmological model plays a central role in modern cosmology as the zeroth-order approximation of the present universe, on which the behavior of the density perturbations has been particularly investigated to clarify the origin of the large-scale structure of the universe or to determine the cosmological parameters from the observations of the cosmic microwave background [3] [4] [5] . From the analyses of the stationary and asymptotically flat black-hole spacetime such as the Schwarzschild or Kerr solution, tremendous results have been derived, among which the most remarkable one is the black-hole thermodynamics [6, 7] .
On the other hand, there are many open problems on the dynamical aspects of Einstein equations such as dynamical black holes or their formations. In homogeneous or stationary spacetimes, Einstein equations reduce to a set of ordinary differential equations, which is comparatively easy to handle, however, the formation or the growth of a black hole is essentially a dynamical and inhomogeneous process, where we have to struggle with a set of partial differential equations. For this reason, numerical methods have often been used to study such systems. Nevertheless, the few dynamical and inhomogeneous exact solutions have been found. Such precious solutions should be intensively investigated to complement the numerical works. Scalar fields are fundamental fields which naturally exist in a variety of theories. In spherically symmetric spacetimes, the system with the simplest massless scalar field has been fully investigated. There are two important dynamical and inhomogeneous exact solutions in this case. The first one was obtained by Roberts [8] , and subsequently the other one was obtained by Husain, Martinez and Núñez [9] . The dynamical aspects of the system with a massless scalar field have been investigated in the numerical studies of the gravitational collapse, especially in the context of critical phenomena pioneered by Choptuik [10] (see [11] for the review). The analytic proof of the cosmic censorship hypothesis by Christodoulou is a significant milestone [12] . Although these two exact solutions are not directly related to these results, the potential importance of them would go without saying.
The case with potentials is a natural generalization of the massless case. In various theories, scalar fields have their specific potentials. Among them, an exponential potential arises naturally in supergravity [13] or theories obtained through dimensional reduction to effective four-dimensional theories [14, 15] . Indeed, the existence of exact solutions in such systems must be useful as a touchstone for the future research. The generalized Husain-Martinez-Núñez (HMN) solution in the presence of an exponential potential was obtained by Fonarev [16] . However, the properties of the solution have not been studied in details and the physical interpretation of the solution is still not clear. In this letter, we discuss the physical interpretation of the Fonarev solution. We investigate the properties of the trapping horizon and show the global structure of the solution. We adopt the units such that c = G = 1.
We begin with the action which describes the system with a scalar field with an exponential potential:
where V is the potential of a scalar field φ given by
where V 0 and λ are real constants. A scalar field with an exponential potential has been particularly studied in spatially homogeneous cosmology [17] . If V 0 = 0, then φ is massless and λ is meaningless. We assume that V 0 is non-negative. Then the energy-momentum tensor for a scalar field is given by
The Einstein equation is
while equations of motion for φ is given by
The spherically symmetric solution obtained by Fonarev [16] is
where
Here w and η 0 are constants. When we set w = 0, the solution reduces to the FRW solution. Hereafter we only consider the case with w = 0. The potential form is then given by
so the steepness parameter λ must satisfy the relation 0 < λ 2 ≤ 6 and λ 2 = 2 for non-negative potential, which corresponds to 0 < α 2 ≤ 3/4 with α 2 = 1/2. This solution is asymptotically FRW solution for r → ∞.
For 0 < λ 2 < 2 (corresponding to 0 < α 2 < 1/2), the asymptotic FRW solution is accelerated, while for 2 < λ 2 ≤ 6 (corresponding to 1/2 < α 2 ≤ 3/4), it is decelerated. When we set λ 2 = 6, this solution reduces to the HMN solution for a massless scalar field, in which d is an arbitrary constant and meaningless [9] .
Because
In addition to them, η → ±∞ is a null curvature singularity for 0 < λ 2 < 2, in which case η = +(−)0 corresponds to past (future) infinity, while η = 0 is a spacelike curvature singularity for 2 < λ 2 ≤ 6, in which case η = +(−)∞ corresponds to future (past) infinity. These are the big-bang or big-crunch type singularities. The domain of definition for η is thus −∞ < η < 0 and 0 < η < +∞.
The physical (areal) radius R is given by R := aS. R is a monotonically increasing function of r for 2w < r < +∞ and r → ∞ corresponds to the spacelike infinity. For 0 < λ 2 < 2, R is a monotonically increasing (decreasing) function of η for η < (>)0, i.e., the spacetime is expanding (collapsing). For 2 < λ 2 ≤ 6, on the other hand, it is a monotonically increasing (decreasing) function of η for η > (<)0.
Here let us consider whether the scalar field has a nontrivial configuration or not. We should be careful that there is no natural time-slicing in general spherically symmetric spacetimes, so the derivative of the scalar field must have a spacelike portion to have the non-trivial configuration in a correct sense. For the Fonarev solution, we have
and there is indeed a region with φ ,µ φ ,µ > 0. The Misner-Sharp mass m is given by
where we have
. (16) It is noted that for 0 < α 2 ≤ 3/4 with α 2 = 1/2. A trapping horizon is obtained by R = 2m, or equivalently R ,µ R ,µ = 0, which is given by
=: h(η, r).
It is noted that outgoing (ingoing) null geodesics are trapped on the trapped regions in the collapsing (expanding) regions. The normal vector l µ to the surface h = 0 is given by l µ = g µν h ,ν . We obtain
for both signs in Eq. (19) . The function g is negative for 0 < α 2 < 1/2, which implies that the trapping horizon is timelike. The case of 1/2 < α 2 ≤ 3/4 is rather complicated. We obtain
which is non-positive for − √ 3/2 ≤ α ≤ √ 3/2. The solution of g = 0 exists only for α 2 ≥ 1/2. For α = ± 2/3, we have g = ±2 √ 6wr/9 − (5 ± 2 √ 6)w 2 /9. Thus, for α = − 2/3, the trapping horizon is timelike for r > 2w, while for α = 2/3, the trapping horizon is timelike (spacelike) for r < (>)r 0 , where r 0 is defined by r 0 := √ 6(5 + 2 √ 6)w/12.
Next let us consider the case with α = ± 2/3. The solutions of g = 0 are then given as r = r ex(+) , r ex(−) defined by
We can show that r ex(+) ≥ 2w holds for − √ 3/2 ≤ α < − 2/3, 1/2 < α < 2/3, and 2/3 < α ≤ √ 3/2 with equality holding for α = ± √ 3/2, while r ex(+) < 2w holds for − 2/3 < α < − 1/2. We can also show that r ex(−) > 2w holds for 1/2 < α < 2/3, while r ex(−) < 2w holds for − √ 3/2 ≤ α < − 2/3, − 2/3 < α < − 1/2, and 2/3 < α ≤ √ 3/2. Thus, it is concluded that the trapping horizon is timelike for − 2/3 < α < − 1/2 and spacelike for α = ± √ 3/2, while in other cases it has both timelike and spacelike portions. For 2/3 < α 2 < 3/4, the trapping horizon is timelike for 2w < r < r ex(+) and spacelike for r ex(+) < r. For 1/2 < α < 2/3, the trapping horizon is timelike for 2w < r < r ex(−) and r ex(+) < r, while it is spacelike for r ex(−) < r < r ex(+) .
We have now found that the properties of the trapping horizon are different from that in the HMN solution corresponding to α = ± √ 3/2, which is spacelike. A local definition of a black hole in terms of a trapping horizon was given by Hayward [18] . Then, a future outer trapping horizon is a black-hole horizon, which corresponds to a spacelike trapping horizon in the collapsing region. On the other hand, a spacelike trapping horizon in the expanding region is a future inner trapping horizon corresponding to a white-hole or cosmological horizon. Thus, there exists a black-hole trapping horizon for − √ 3/2 ≤ α < − 2/3 (corresponding to − √ 6 ≤ λ < − √ 2) and 1/2 < α ≤ √ 3/2 (corresponding to √ 2 < λ ≤ √ 6). In summary, the solution represents a dynamical black hole in the sense of Hayward with the non-trivial configuration of a scalar field, i.e., a scalar hair, in the collapsing case with 2 < λ 2 ≤ 6, where the asymptotic FRW solution is decelerating. The Penrose diagrams of the Fonarev solution are given in Fig. 1 .
In the static and asymptotically flat case, the scalar nohair theorem is available, in which the scalar field must have a trivial configuration for a black-hole solution for the arbitrary positive semidefinite potential [19] [20] [21] . This scalar no-hair theorem was extended into the asymptotically de Sitter case in the presence of the convex potential [22] . On the other hand, a counter example was numerically constructed in the asymptotically anti-de Sitter case, which violates the null energy condition [23] .
If the scalar no-hair theorem also holds in general dynamical and inhomogeneous spherically symmetric spacetimes with certain energy conditions, a scalar field must past infinity (eta=0) e t a = + i n f i n i t y p a s t i n f i n i t y ( e t a = -i n f i n i t y ) have a trivial configuration for black-hole solutions. The contraposition of this statement is that if a scalar field has a non-trivial configuration, the solution is not a blackhole solution. Then, does the Fonarev solution suggest that the scalar no-hair theorem can be extended into general spherically symmetric spacetimes? The answer is "No" in the sense of Hayward. However, here we face with the subtlety of the definition of a black hole.
Although the solution represents a dynamical black hole in the sense of Hayward, the singularity inside that trapping horizon is the big-crunch type spacelike singularity, and the central singularity is timelike and not covered by trapped surfaces. Furthermore, there is no black-hole event horizon in this spacetime since there is no future null infinity. From these viewpoints, it might be proper to say that the Fonarev solution as well as the HMN solution represents not a black hole but a naked singularity. Then, the answer to the above question turns to be "Yes".
These solutions may demonstrate a weak point of the local definition of a black hole in terms of a trapping horizon. In order to rule out such solutions, we should require additional conditions in the definition by a trapping horizon or another local definition of a black hole. Further investigations are needed to have much insight into this problem.
